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NORMAL IMPACT OF AN INFINITE ELASTIC-PLASTIC
BEAM BY A SEMI-INFINITE ELASTIC RODt

s, RANGANATHt and R. J. CLIFTON§

Division of Engineering, Brown University, Providence, Rhode Island 02912

Abstract-Solutions are obtained for the problem of normal impact of an infinite elastic-plastic beam by a semi
infinite elastic rod. The effects of rotatory inertia and shear deformations are included in the equations governing
the motion of the beam. A strain rate independent model based on concepts similar to those employed in quasi
static plasticity is used to describe material behavior. The interaction between moment and shear force is included.
A strain hardening criterion is used based on the quasi-static moment--{;urvature relation for pure bending.
Strain-time profiles computed using this theory agree reasonably well with those obtained in experiments on
aluminum beams. The computed solutions are also compared with predictions based on a rigid perfectly plastic
beam theory.

1. INTRODUCTION

THE response of structural systems to dynamic loading of sufficient intensity to produce
plastic deformation is a subject of considerable technical importance. Structural elements
such as beams and plates are often subjected to impact loading which produces flexural
waves. Although considerable work has been done in the field of elastic waves in bending,
few attempts have been made to study flexural waves in the plastic range. The study of
plastic bending waves is more complex than that of plastic longitudinal waves because
bending waves involve geometric dispersion and also combined stresses. The need to deal
with stress resultants such as moment and shear force rather than the stresses themselves
makes plastic bending waVes inherently less amenable to analysis than is the case for other
examples ofcombined stress plastic wave propagation such as that ofcombined longitudinal
and torsional plastic waves.

Some of the difficulties associated with the analysis of plastic bending waves have been
avoided in previous investigations by using Bernoulli-Euler beam theory, assuming a
rigid, perfectly plastic characterization of the moment curvature relation, and neglecting
the effect of the shear force on the value of the full plastic moment. The use of Bernoulli-
Euler beam theory neglects the effects of rotatory inertia and shear deformation and leads
to equations of parabolic type for which discontinuities in the solution are propagated at
infinite speeds as is the case for solutions of the heat equation. If the equations are modified
so as to include the effects of rotatory inertia and shear deformation as in the Timoshenko
beam theory, then the system of equations becomes hyperbolic and discontinuities are
propagated along characteristics at finite speeds. The assumption that the material is
rigid, perfectly plastic neglects elastic deformation, strain hardening and the effects of
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strain rate sensitivity. This assumption leads to major simplifications in the analysis of
dynamic problems.

Considerable work has been done on comparisons of experimental results with pre
dictions based on the rigid, perfectly plastic theory. Parkes [1-3J, Bodner and Symonds
[4, 5J and Florence and Firth [6J obtained the final deflection and rotation of beams
experimentally, by subjecting beam specimens made of mild steel and aluminum alloys to
transverse impact. The general conclusion from their studies was that the application of
rigid, perfectly plastic analysis predicted final deformations almost twice as large as the
experimental values in all the cases. Parkes, and Bodner and Symonds explained these
discrepancies as being due to neglect of strain rate effects in the rigid plastic analysis.
This explanation appears to be questionable for the case of tests on specimens made of
6061-T6 aluminum alloy since uniaxial stress-strain data [7J on this alloy shows very
little dependence on strain rate. Besides, Florence and Firth concluded from their work
that the discrepancies between the predicted and observed deformation magnitudes stem
from the secondary effects like neglect of strain hardening and elastic deformations. Thus,
there is need for further study of the problem in order to fully distinguish the roles of strain
rate sensitivity, elastic deformation, strain hardening and plastic shear deformation. A
critical review of these experiments is given by Symonds in his survey reports [8, 9].

Bohnenblust [10J solved the problem of constant velocity impact of a long elastic
plastic beam using Bernoulli-Euler beam theory. Although this problem is in some respects
artificial and impractical, Bohnenblust's solution is significant because it is the only
complete and "exact" solution (consistent with the use of Bernoulli-Euler beam theory)
of an impact problem for elastic-plastic beams. The predictions from the elastic theory
were investigated experimentally by Vigness [11]. The strain at the impact point was
predicted with reasonable accuracy by the Bohnenblust analysis. However, the assumed
boundary condition of a step-function time dependence for the transverse velocity at the
midpoint is difficult to realize exactly in the laboratory and exact agreement should not be
expected. Apart from difficulties associated with the boundary condition, the analysis based
on Bernoulli-Euler beam theory cannot be expected to be realistic at early times and near
the wavefront as the effective wavelengths are comparable to the beam thickness. At the
point of impact the predicted shear force is infinite initially; also, three dimensional effects
are important in the neighborhood of the concentrated load. A more exact solution would
require the use of the Timoshenko beam theory which includes the effects of rotatory
inertia and shear deformations. Conroy [12J used the Bohnenblust analysis to solve the
problem of constant velocity impact of infinite rigid plastic beams. He showed that for
rigid, perfectly plastic beams the deformation is characterized by a fixed plastic hinge at
the point of impact and a travelling plastic hinge.

Wilshaw and Kelly [13J investigated experimentally the response of a clamped circular
plate to a rectangular stress pulse. They found that the elastic response of the plate was
predicted well by classical thin plate theory. The plastic behavior was analyzed by assuming
the material to be rigid visco-plastic and the predicted value of the final deflection was
shown to be in substantial agreement with the experimental data.

We present here an investigation of the problem of normal impact of an infinite elastic
plastic beam ofrectangular cross-section by a semi-infinite elastic rod. The effects of rotatory
inertia and shear deformations are included in the equations governing the motion of the
beam. A strain rate independent model based on concepts similar to those employed in
quasi-static plasticity is used to describe the material behavior. The interaction between
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moment and shear force is included. A strain hardening criterion is used which is based
on the quasi-static moment-eurvature relation for pure bending. The predicted strain
response of the theoretical model is compared with the experimental strain response at
different positions on the beam and for different velocities of impact.

2. EQUATIONS OF MOTION AND THE PROBLEM

The experimental set-up and the loading condition are similar to those described in
[14, 15J except that here the impact velocity Va can be large enough to cause plastic deforma
tion in the beam. Although plastic deformation occurs we assume that deformations are
sufficiently small so that the assumption of infinitesimal strains and small deflections is
applicable.

The equations of motion are the same as in the elastic case [14]. Thus,

Q+Mx = pltf;tt

/l'7tt = Qx

(2.1a)

(2.1 b)

where
x = distance from the center of the beam where impact occurs;
t = time from the instant impact occurs;

M = bending moment;
Q = shear force;
'7 = transverse displacement;
lj; = angular rotation of the cross section of the beam;
p = mass density of the material of the beam;
I = moment of inertia of the cross section;
/l = mass per unit length of the beam.

The relations between the generalized displacements '7 and lj; and the generalized
strains 'Y and K are

(2.2a)

(2.2b)

where
'Y = shear strain;
K = curvature.

The generalized strain rates K( and 'Y, are assumed to be the sum of an elastic part and a
plastic part. Thus we obtain,

'Y, = }'~+yf

where the superscripts e and p refer to the elastic and plastic parts, respectively.
For an elastic material, the elastic parts in equation (2.3) are given by

y~ = KQ,

(2.3a)

(2.3b)

(2.4a)

(2.4b)
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where
K = k'AbG where
k' = shear coefficient;

A b = cross sectional area of the beam;
G = shear modulus;
B = EI flexural rigidity of the beam.

In order to determine the plastic deformations, a criterion is necessary to decide when
plastic flow occurs in the beam. This is accomplished by specifying a yield surface in the
moment-shear space. The choice of a yield surface in bending presents difficulties as we
have to deal with stress resultants like moment and shear force rather than the stresses
themselves. As Drucker [16J points out, it is not possible to determine the values of bending
moment and shearing force which produce a condition of full plasticity at a particular
cross section without considering the geometry and the loading of the entire beam. Thus,
for a given cross section there does not exist a unique interaction curve in moment-shear
space which corresponds to the locus of states at which plastic flow commences. Never
theless, the introduction of an approximate moment-shear interaction curve is useful as
long as we recognize that it is by no means unique or exact. To this end we assume that the
initial yield surface is given by

(2.5)

where
M 0 = yield moment in simple bending = (J obh2/6 ;
Qo = yield shear force ~ (Jobh/8;
0"0 = yield stress in uniaxial tension;

b = width of the cross-section of the beam;
h = thickness of the beam;
o= {)3 for the von Mises criterion of yielding;

2 for the Tresca shear criterion;
n = 1,2,3, ....

By assigning different values for n i.e. n = 1,2, 3, ... , the shape of the initial yield surface
can be changed and the effect of the yield surface on the solution can be studied. As plastic
deformation takes place the stress resultants Q, M are assumed to lie on the loading surface
given by

(M) 2n (Q) 2n
f(M,Q) = M

o
+ Qo _pn = 0 (2.6)

where J is a yield parameter which depends on the extent of strain hardening. Subsequently,
J will be assumed to be a function of the plastic work density WP. The determination of
J(WP) from results ofa plastic bending test can be obtained from equation (2.13).

Although the shape of the yield surface has been selected in a rather arbitrary manner,
later it will be shown that the numerical results are not very sensitive to the shape selected
so that the nature of the yield function chosen is not critical.

We assume that the plastic strain rate vector is normal to the yield surface in the
moment-shear space. This assumption, is analogous to that of requiring the material
behavior to satisfy Drucker's stability postulate [17J; however, it does not follow directly
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(2.7b)

(2.9)

(2.10)

from this postulate due to the non-existence of a unique yield curve in the moment-shear
space as discussed previously. Thus we have,

Kf = ).:~ (2.7a)

. of
yf = AoQ

where). is a positive scalar function to be specified subsequently and f(M, Q) is the yield
function.

The derivation of the generalized stress-strain relations outlined here is very similar
to that given by Clifton [18J in his analysis of combined torsional and longitudinal waves
in a thin walled tube. We adopt a hardening law similar to the isotropic work-hardening
model for the case of combined stresses in quasi-static plasticity. In the latter model, the
plastic work density is used as the parameter relating the case of combined stresses to
uniaxial stress-strain tests. In a similar manner we use the plastic work density to relate
the case of bending under the combined influence of moment and shear force to the case
of pure bending under the action of moment alone. There is little information available on
hardening in bending and thus the choice of an "isotropic" hardening theory, although
reasonable, is quite arbitrary. Its use can be justified only on the basis of the agreement
of the theoretical results to experimental data.

The plastic work rate is given by

Wf = MKf+Qyf. (2.8)

Assuming that J in (2.6) is a monotonic function of WP we can write

dWP
Wf = dT Jt .

Then from (2.6H2.9) we obtain
l_dWP~

- dJ 2nJ2n'

In analogy with the example for combined stresses [18J we use the case of pure bending to
determine the function WP(J). If M = M(K) is the moment-curvature relation in pure
bending, an increment in the moment dM is related to the increment in the elastic curvature
dKe and the increment in the plastic curvature dKPby

(2.11 )

If the slope of the moment-curvature curve is expressed as a function of the moment i.e.
dM/dK = geM), we have

(2.12)

(2.13)

since dKe = dMIB and dWP = MdKP for pure bending. The yield condition reduces to
M = Moj for pure bending and using this in (2.12) we have

dWP 2 {I I}
dT = MoJ g(MoJ) -B .
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Substituting (2.14) in (2.15) we have

NjMt-wx+HQMQt = °
N2Qt-Vx+w+HQMMt = °

where

1 (M )2nN 2 = K+ H* Q: Q4n-2;

(2.14a)

(2.14b)

(2.15)

(2.16)

When the loading is in the elastic range, H is equal to zero and the equations reduce to
the familiar elastic equations. Equations (2.16) along with (2.1) constitute a system of four
first order partial.differential equations for the functions M, Q, wand v. We seek a solution
of these equations which satisfies the initial conditions

w(x,O) = v(x, 0) = M(x, 0) = Q(x,O) = °
and the boundary conditions (see Refs. [14, 15])

w(O, t) = °
2Q(0, t) A A

-A-+P,cv(O, t) = -P,cVo(t)

where

(2.17a)

(2.17b)

c = J( ~:) = velocity of propagation of longitudinal waves in the rod;

A = area of the rod ;
E, = Young's Modulus of the material of the rod;
P, = mass density of the material of the rod.

The boundary condition (2.17b) makes use of the assumption that the wave propagation
in the rod can be described by the elementary one dimensional theory for elastic rods.



Normal impact of an infinite elastic-plastic beam by a semi-infinite elastic rod 47

3. CHARACTERISTIC PROPERTIES OF THE EQUATIONS

Equations (2.16) and (2.1) can be written in more compact form by introducing vector
notation, as follows

L(w) = Awt+Bwx+Cw = 0 (3.1 )

where

w pI 0 0 0

M 0 N! 0 HQM
W= A=

v 0 0 f.l 0

Q 0 HQM 0 N z

0 -1 0 0 0 0 0 -1

-1 0 0 0 0 0 0 0
B= c=

0 0 0 -1 0 0 0 0

0 0 -1 0 +1 0 0 0

Equation (3.1) constitutes a system of quasi-linear symmetric hyperbolic equations of
first order. In the special case when the loading is elastic, the system becomes linear as
N! and N z reduce to constants. The theory of quasi-linear symmetric hyperbolic equations
is given in [19].

The characteristic velocities for (3.1) are the roots of the characteristic equation

det(cA - B) = 0

which can be written as

where

The roots of (3.3) are

z (pIN! +f.lNzH-J[(pIN! +jiNz)Z-4pIf.lN3 J
c = .

2pIf.lN 3

(3.2)

(3.3)

(3.4)

The faster wave speed cf is obtained by taking the + sign and the slow wave speed Cs by
taking the - sign. For the elastic case, C f corresponds to the velocity of propagation of
longitudinal waves c! = -J(B/pI) while Cs corresponds to the velocity of propagation
of shear waves Cz = -J(K/ji). The characteristic curves are the four families of curves in
the t-x plane which satisfy

dx dx
dt ±cf and dt = ±cs . (3.5)

For each characteristic velocity c there is a corresponding vector I which is a null vector
of the characteristic matrix C = (cA - B) (i.e. I satisfies Cl = 0). The four null vectors so
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defined are linearly independent. The null vectors for the positive wave velocities are
given, to within an arbitrary scalar multiplier, by

HQMc f

-pIcJHQM

/+ - _~plcfNl
for

dx
f -

tiCf ti
dt = +cr

I +ph}N 1

fiCsN 2
----
pIcs pI

tic;Nz -I
dx

1+ = for - +cs's dt
HQMcs

-fiC;HQM

(3.6a)

(3.6b)

The null vectors Ij and /s- corresponding to characteristics dx/dt = - cf and dxldt = - Cs
are obtained by substituting - cf for cf and - Cs for Cs in (3.6). A jump in the normal deriva
tive of w across a characteristic curve is proportional to the corresponding null vector.

The interpretation of characteristic curves that is important from the point of view of
numerical analysis is that along these curves, the partial differential equations reduce to
ordinary differential equations. The ordinary differential equation associated with a
characteristic for which the corresponding null vector is ) is given by I. L(w) 0 where
the dot denotes the Euclidean inner product. Substituting (3.6) in the above equation we
obtain

where

dx
fJ(dM pIcsdw)+(dQ ficsdv) +(fiC;W +QCsfJ)dt = 0 for Cit = +cs

(3.7a)

(3.7b)

and

pIN 1

fiCz--fi
ct. = :--:f~:-:-,:,----

HQM

I fiN z
~-PI

fJ = HQM

HQM = -pI fJ
I fiN z fi

pIc;'-PI

HQM -fi
-:----',----:--:--::- = -ct..

I pIN 1 pI
~"-,---

fiC; fi

(3.8)

(3.9)
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dM -pIc! dw+Qc! dt = 0;

The incremental relations along the characteristics dx/dt = - cf and dx/dt = - Cs are
obtained by replacing cf and Cs by -cf and -Cs ' respectively, in (3.7). For the familiar
example of elastic loading of the beam, the characteristic relations (3.7) reduce to

dx

dt

dQ- IlCz dv+ ,udw dt = 0;
dx

dt

(3.10)

The coefficients lI. and fJ in the incremental relations (3.7) need special consideration for
stress states on the moment axis and on the shear axis. The cases M = 0 and Q = 0 are
considered separately.

Case (a): M = 0

In this case the expressions for the wave speeds reduce to

C
s = JL~J

From the second expression for lI. in (3.8) it follows that both lI. and fJ are zero. Thus, the
incremental relations reduce to

(dQ-,ucsdv)+,uc;wdt = 0

dx
for - = cfdt

dx
for dt = C s ·

(3.11a)

(3.11 b)

Case (b): Q = 0

In this case we consider separately the intervals M 0 < IMI < M and IMI > M, where
Mis the moment for which the wave speeds Cf and Cs are equal. The moment Mcorresponds
to the point on the moment-curvature curve where the slope is equal to pIK/,u.

For the interval M 0 < IMI < Mthe expressions for the wave speeds reduce to

Cs = Cz ·

In this interval it can be seen from the second expression for lI. that both lI. and fJ are zero
so that the incremental relations are still given by (3.11).

For IMI > M, the wave speeds are given by

C
s = J(PI~J
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From the first expression for IX in (3.8) it is seen that IX and 13 become infinite for this case.
To avoid this difficulty we rewrite the incremental relations as follows

and

dx
(dM-plcsdw)+f3*(dQ JiCsdv)+(pc;wf3*+Qcs)dt=O for-= +cs (3.12b)

dt

where

IX* =

Ji(j--u~

(3.13)

From (3.13) it follows that for Q = 0 and IMI > M the coefficients IX* and 13* reduce to
zero. Then the incremental relations simplify to

(dQ- PCf dv)+ Jic}w dt 0
dx

for-= +cf (3.14a)
dt

(dM - pIcs dw)+Qcs dt
dx

(3.14b)0 for- = +cs'
dt

In order to facilitate numerical computations the moment-shear space is divided into
two regions (see Fig. 4). In region I the incremental relations given in (3.7) are used whereas
in region II the incremental relations given in (3.12) are used. In this way the coefficients
used in the computations always remain bounded.

4. NUMERICAL SCHEME

The difference method adopted here is a second order accurate extension of the method
proposed by Courant et ai. [20]. The method is second order accurate in that if the solution
were known at some time, the error introduced during the next time step ,1t would be
O(!J.t 3

). Proof of convergence of the method as well as a discussion of its computational
advantages relative to other second order accurate methods has been given by the
authors [21).

The mesh points chosen for numerical integration of the incremental relations (3.7)
are the intersections of the lines x = (K -l),1x and t = (I 1),1t for K = 1,2, ... and
I = 1,2 ... where ,1x and !J.t are the increments in x and t, respectively. Let the discrete
functions W, M, {2, vand J correspond to the functions w, M, Q, v and J respectively, at the
grid points. We have two kinds of grid points to consider-boundary points which are grid
points on the line x = 0 in the x-t plane; interior points which correspond to the other
points. The difference method presented here enables us to compute the solution at a
mesh point on the line t = to+,1t knowing the solution w on the line t = to' At an interior
point we integrate along the four characteristics through the new mesh point on the line
t = to +,1t to obtain the solution at this point. At a boundary point, we integrate along
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the two backward characteristics with negative slope and use the two boundary conditions
to evaluate the solution at the new mesh point on the line t = to + !:it.

Consider the calculation of the solution at a point P on the x-t plane from data known
at mesh points Q_, Q and Q + (Fig. 2). The four backward characteristics intersect the line
t = (1-1)!:it at points Ql' Q2' Q3 and Q4' The ratio ,1tl,1x is chosen equal to 1/c l where
c 1 = .J(BIpl). Since CJ ::;; Cl, all the points Qi' i = 1,2, 3, 4 lie between Q_ and Q+. Thus
the point P lies within the domain of influence ofthe line Q_Q +. This satisfies the require
ment of convergence and stability outlined in [22].

We integrate the incremental relations along the characteristics from the point P to
the intersection with the line t = (1-1),1t. The incremental relation along the ith character
istic is of the form

4

I Q(iidw)i+!3i dt = 0
j= 1

i = 1,2,3,4 (4.1 )

(4.2)

where (dw)i is the increment in the jth component of the solution vectors along the ith
characteristic. The coefficients Q(ij are constants for the elastic case; but for the plastic case
they are dependent on the vector w. The term !3i is dependent on the solution vector in
both the cases. For the elastic case, integration of (4.1) yields

4 ,1t
j~l Q(iJwiP)-wiQi)] + {!3i(P) +!3i(Qi)}2 = 0

where

where

For the plastic case we use a two step integration routine. In the first step, we assume
the coefficients to be constant and solve for w. This solution is then refined in the next step.
The intermediate solution w' is given by the equation

4

I Q(iiQ){wj(P)-wiQ;)}+!3i(Q;)!:it = o.
j= 1

(4.3)

We use the intermediate solution to evaluate the average value of the coefficients Q(ij and
!3i denoted here by fiij and Pi

fiij = HQ(ij(P, w'(P))+Q(iiQi' W(Q;))}

Pi = H!3i(P, w'(P))+!3i(Qi, w(Q;))}.

The final solution is then given by the equation

~-AA ~_{,(w(Q+)-W(Q_)) Af(A(Q) 2A(Q) A(Q))l ~A (4.4)
j7'1 Q(ipWj = j7'1 Q(ij lI.i 2 +2 W + - W + W - J- Piilt
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Llwj = wiP)-wiQ). (4.5)

Equations (4.4) constitute a set of 4 equations involving data at mesh points Q+,
Q and Q_ and they can be solved to give the increment in the solution Llw and hence the
solution at an interior point P. At a boundary point, 2 equations similar to (4.4) together
with the two boundary conditions (2.15) yield the final solution.

In wave propagation problems of this type, loading and unloading takes place along
the beam. Thus both elastic and plastic regions occur so that it is necessary at each point
to decide whether the equations for elastic or plastic regions are to be used. The procedure
adopted for this choice is as follows:

1. After each calculation, the function J = [(M/Mo)2n+(Q/Qo)2n]1/2n is calculated.
If J > J m•x then J m•x is updated to the value J. J m•x is initially set equal to unity.

Before computing the solution at a new point P, the function J at the point Qis calculated.
If J(Q) < Jm.x(Q) then equations for elastic regions are used. If J(Q) = Jmax(Q), then
equations for plastic regions are used.

2. If the new value of J at P confirms the choice made in (1), we move to the next point.
If not, the alternative choice is taken and a new evaluation of the solution at P is made.
If this satisfies the second choice we proceed to the next point.

3. If neither choice is satisfactory, then the cells adjacent to such points are subdivided
into sixteen cells each. Second order accurate interpolation is used to compute the solution
at the new mesh points at time t = to. With the smaller mesh size, we follow the same scheme
as explained in (l) and (2) except that we do not check for the second alternative as before.
This procedure of reducing the mesh size was introduced because experience showed that
various averaging procedures used for such points led to large errors in the computed
solution. With the reduced mesh size the magnitude of the errors introduced is greatly
reduced.

Special attention must be given to the computation of the numerical solution at mesh
points where the stress state is near Q = 0, M = if in the moment-shear space. At such
points it is possible that the coefficient ;Xij in equation (4.4) would be obtained by averaging
the value of lY. ij corresponding to points in regions I and II (Fig. 4). This would lead to an
incorrect solution since the coefficients are defined differently in these two regions. This
difficulty was avoided by computing the solution at such transitional points by means of
the first order accurate system of equations, equations (4.3), in which the coefficients are
all evaluated at one point. Since such cases arise at only a few points, the numerical results
are still, essentially second order accurate.

A measure of the error between the numerical solution and the actual solution of the
differential equations is useful in judging the accuracy of the numerical results. Such a
measure is obtained by checking the energy balance in the system, i.e. the work input to
the system must equal the sum of the plastic work done and the increase in the kinetic
energy and the elastic strain energy ofthe system. The actual solution wsatisfies the equation

ff w· L(w) dx dt = 0 (4.6)

where L(w) is the operator defined in (3.1). Equation (4.6) can be reduced to

f~(P/W2+IW2+~2+~)dX+ffM6(g(~oJ)-~)JdJdX f -{(Mw+Qv)lx=o}dt.
(4.7)
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(4.8)

Equation (4.7) is recognized as a statement of energy balance of the system. The first term
on the left hand side represents the sum of the kinetic energy and the elastic strain energy
of the system while the second term represents the total plastic work done. The term on the
right hand side represents the work supplied to the system. We now define the "error" in
numerical computation as follows:

Error = "total".energy - work i~put

work input

where "total" energy and work input are, respectively, the left and right hand sides of(4.7).

5. EXPERIMENTAL PROCEDURE

The experimental set-up is described in detail in [15] (see Fig. 1). The striker bar on
impact with the loading bar transmits an approximately rectangular pulse of 100 psec
duration, through the loading bar. The pulse is reflected at the interface between the loading
bar and the beam. The loading bar and the beam are sufficiently long so that no wave
reflections occurred during the first 100 psec after impact. The loading bar (~in. diameter)
is made of hardened steel with a yield stress of over 100,000 psi so that the strains in the
rod remain in the elastic range. The ends of the loading bar were rounded slightly so that
the load was transmitted to the beam on a smaller area. The incident stress pulse in the rod
had a rise time ofapproximately 10 psec. This was accounted for, in the theoretical solution,
by considering a parabolic rise in the function V(t) with the full velocity Va being reached
after 10 psec.

The material of the beams used in the experiments was chosen to be an aluminum alloy
in order to minimize the effects of strain-rate sensitivity. The particular alloy chosen
(6063) was selected because of its availability in convenient sizes and its low yield strength.
The use of a soft material enables us to use moderate impact velocities and still obtain
plastic strains which are large relative to the yield point strain so that the plastic flow
characteristics of the material are of primary importance in determining the response of
the beam.

The 6063 alloy of aluminum has the following nominal chemical composition [23] :

TABLE l

Silicon
(%)

004

Magnesium
(%)

0·7

Aluminum
( ~<,)

98·9

The bar stock in the T5 state has a tabulated tensile yield strength of 21,000 psi [23]. The
specimen used was l6 in. thick, ! in. wide and 38 in. long. It was annealed to reduce it to a
state of zero temper with a yield strength of 3000 psi. In the annealing process, the tempera
ture is raised to 750°F in approximately 6 hr and held at that temperature for 2 hr. The
specimens are then brought down to a temperature of 500°F at the rate of 50°F/hr and
finally left to cool in the oven. For each beam specimen tested dynamically, two short
specimens cut from the region of stock material adjacent to the ends of the beam specimen
were used for quasi-static stress-strain tests. These short specimens are 8 in. long and go
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through the same annealing as the long beam specimens. Quasi-static stress~strain tests
were conducted on these annealed sample specimens using an Instron Universal testing
machine. From this stress-strain curve, the corresponding moment--eurvature relation is
obtained as follows.

f
hl 2

M = 2 0 abzdz (5.l)

where
h = thickness of the beam;
b = width of the beam.

Writing z = elK where e is the strain in a fiber at a distance z from the neutral axis and
K is the curvature we have

2b JKh l 2
M = 2 a(e)ede

K 0
(5.2)

where a = ate), a function of the strain.
If Co is the yield strain (5.2) becomes

2b[Ecg JKh l2 ]
M = K2 3+ EO a(e)ede

2eo
M = ElK for K ::; h

2eo
for K > h

(5.3)

(5.4)

knowing a = ate) from the stress-strain data, the moment corresponding to a specific
value of the curvature can be obtained. Simpson's rule was used to evaluate the integrals
in (5.3). For the numerical calculations presented here, an empirical moment--eurvature
relation was obtained to fit the experimental values.

(M-Mo) c
(K-K O) = EI +D(M -Mo)

where
M = bending moment; M 0 = yield moment;
K = curvature; Ko = yield curvature.

D and C are constants obtained by using the method of least squares to minimize the
difference between the experimental values and the empirical fit. Figure 3 shows a com
parison of the moment--eurvature curves obtained from experimental results and th~

empirical relation. It is seen that the empirical relation fits the experimental curve fairly
well. Stress-strain tests were conducted on each batch of specimens and an empirical fit
was obtained for beam specimens belonging to that batch. Typical values for the constants
in (5.4) for one batch of specimens are given here:

E = 10·2 X 106 psi;
I = 0·276 x 10- 3 in.4

;

M o = 7-81Ibin.;
Ko = 0·276 X 10- 2 in. -1;

D = 0·267 X 10- 4
;

C = 2·84.
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05

The yield moment M 0 was taken to be that value of the moment where the first deviation
from linearity was observed in the quasi-static curve. Foil strain gages (BLH type FAE-12
12S13L and FAE-12-12PL) with i in. gage length were used to record the strain in the beam.
The latter variety is of the post yield type but both gages can take strains up to 5 per cent
without loss of linearity. The post yield gages were used at points closer to the point of
impact where there was substantial yielding. The strain gages were bonded to the beam
using EPY 150 cement and the bond was cured for 24 hr before the gages were used.
A similar gage of i in. gage length was used to record the strain in the rod. A constant
current strain gage circuit is used to make dynamic strain measurements in the beam.
The strain output was calibrated by switching a known resistance in parallel with the
strain gage to produce an apparent strain and the manufacturer's gage factor was used
to convert the observed change in voltage to an equivalent strain. The strain profiles were
displayed on a Tektronix 556 dual beam oscilloscope and pictures of the traces were
taken using Polaroid type 46 film. The oscilloscopes were triggered using a piezoelectric
crystal phonograph cartridge which was mounted on the loading bar. The needle of the
cartridge rests lightly on the loading bar and is excited laterally when a stress pulse
passes it. The output of the crystal is sufficient to trigger the oscilloscopes without difficulty.
Figures 5(aHf) show a few pictures of the oscilloscope traces at different positions along
the length of the beam for different velocities of impact.

In the first series of tests the strain response was obtained at distances x t, I, It, 2
and 2! in. from the point of impact on the beam. Measurements were also made of the
incident and reflected waves in the rod. The strain responses at different positions along
the beam in general correspond to different velocities of impact as separate experiments
were done for each case.

In the second series of tests, the strain-time profiles were obtained at one position
x = I! in. for different velocities of impact. This enables a comparison with theoretical
results for higher impact velocities where plastic strains predominate.

As a check on the assumption that the middle surface of the beam is unstrained, strain
time profiles for the upper and lower surfaces were compared. Typical results are shown



Comparison of surface strains at the top
and bottom surfaces

Strain calibration' Top surface 0'076"/cm
Bottom surface 0·055 %/cm
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Rod 0'0425%/cm

FIG. 5. Strain-time profiles.
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in Fig. 6. Since the strains at the two surfaces are essentially equal in magnitude but opposite
in sign, the middle surface strain is small-say less than 2 per cent of the surface strain
and can safely be neglected.

DIFFERENCE BETWEEN
OUTPUTS OF TOP AND
BOTTOM STRAIN GAGES

t-0.045
I
z
w
U
cr
~ 0 1eli'J-J..-:;"......=c=...-J--..-'I:-------s'"=-o--'-a:-'-o-J........;""lo"-o-

z
<l TIMEIJ-S-

:: 0045
(J)

0.090

-0.135

0.135

-0.090

FIG. 6. Comparison of surface strains at the top and the bottom surfaces.

6. COMPARISON OF THEORY WITH EXPERIMENT

Numerical solutions of equation (3.1) have been obtained for impact velocities cor
responding to those used in the experiments. For these calculations, the exponent n in
the equation of the yield surface [equation (2.5)J was taken to be unity; comparisons of
these results with the case n = 2 indicate that the solutions are relatively insensitive to the
value of n. The effect of changing n is discussed in more detail later in this section. The
solutions yield directly the values of M, OJ, Q and v at mesh points. The surface strain in
the beam has been obtained by integrating equation (2.14a) for the curvature rate and using
the relation e = Kh/2. The transverse velocity has been integrated with respect to time to
give the transverse displacement.

For all the numerical solutions presented here, the mesh size has been taken sufficiently
small for the "error" in the energy balance to be kept less than 2 per cent throughout the
calculations. The mesh size used was dX = 0·05 in. and dt = 0·25 flsec.

The experimental and theoretical strain-time profiles are compared in Figs. 7-11.
The theoretical predictions appear to be in reasonable agreement with experimental
results with the agreement improving with distance from the point of impact. The closer
agreement at more distant stations is similar to that observed in the study ofelastic bending
waves reported in [15J. The large discrepancy between theory and experiment shown in
Fig. 7 is believed to be due in part to the slope of the empirical moment-eurvature curve
being a poor approximation to that of the actual moment-eurvature curve for curvatures
in the neighborhood of yield. This explanation is based on the observations that (i) the
experimental strain-time profile in Fig. 7 lies between that computed from the empirical
moment-curvature relation and that computed assuming elastic behavior (cf. Fig. 14)
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and (ii) the slope of the quasi-static moment-eurvature curve lies between that of the
empirical curve and the slope EJ associated with the elastic response. Calculations for
Vo = 333 in./sec. (Fig. 9) for which the empirical moment-"Curvature curve was made to
fit the experimental curve closely for small curvatures resulted in a strain-time profile for
x = i in. that was considerably closer to that observed in experiments than is the theoretical
curve shown in Fig. 7 (e.g. e = - 0·03 per cent at t = 60 jlsec.). However, there is no change
in sign even at later times; and it does not appear that adjusting the empirical relation can
lead to a change in sign at a time of approximately 50 jlsec as observed in the experiments.

Figure 12 shows a comparison of the theoretical and experimental strain-time profiles
at x = Ii in. for three different impact velocities. These results correspond to the same
batch of specimens with the same empirical moment-curvature relation. At higher impact
velocities, the theory predicts a lower peak strain than is observed in the experiments.
No satisfactory explanation has been found for this discrepancy.

The effect of increasing the strain rate in most metals is to increase the yield stress and
raise the level of the stress-strain curve from that of the quasi-static stress-strain curve. In
order to investigate the effect of higher strain rates, numerical solutions were obtained for the
case where the yield moment M 0 and the yield curvature /(0 in equation (5.4) was increased
by 50 per cent. This raises the moment-curvature curve and thereby introduces an effect
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FIG. 12. Comparison of theoretical and experimental strain~time profiles at x = I! in. for different
velocities.

which is similar to that due to high strain rates. Figures 13-17 compare the computed
strain-time profiles corresponding to the raised moment-curvature curve with those
calculated using the original quasi-static moment-curvature relation. In general the
effect of increasing the yield moment was to improve the agreement between theory and
experiment-especially at x = ! in. and x = 1 in. However, for the aluminum alloy used
as the beam, strain rate effects are unlikely to cause an increase in the yield moment by
anywhere near 50 per cent and even with such an increase, there is only a slight improvement
in the agreement between theory and experiment. A more thorough study ofthe importance
of strain rate sensitivity could be obtained by comparing the results of the present theory
with the results from a theory based on a viscoplastic model, such as the one used by
Bejda [24]. Figures 14-17 also show the theoretical and experimental strain profiles for
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FIG. 13. Effect of yield stress on predicted strain--time profile at x = 0 in.
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the beam, if the beam were completely elastic. The experimental strain response for the
elastic case shown in Figs. 14-17 was scaled to Vo = 500 in.jsec from measurements for
Vo = 80 in';sec.

The numerical solution was computed for two different shapes of the yield surface
(see Fig. 4) corresponding to values n = 1 and n = 2 in equation (2.5). Figure 18 shows a
comparison of the predicted strain response at different positions along the beam for the
two different yield surfaces. This example corresponded to a velocity ofimpact Vo = 500 in';
sec.
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FIG. 15. Effect of yield stress on predicted strain-time profile at x = 1 in.
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The comparison shows that the predicted strain response is not very sensitive to the
shape of the yield surface. The greatest discrepancy is at x = 0 where beam theory itself
is ofquestionable validity; at distances where beam theory is expected to be a good approxi
mation the discrepancies are completely negligible. Thus, the shape of the yield surface
does not appear to be critical in predicting the dynamic response of the beam.
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FIG. 17. Effect of yield stress on predicted strain-time profile at x = 2 in.
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Figure 19 shows the elastic-plastic boundaries in the x-t plane for Va = 500 in./sec.
There are three distinct plastic regions, the central region corresponding to negative
curvature rate whereas the other two regions correspond to positive curvature rate.
For the range oftime considered, the plastic deformation in region III is negligible relative
to that in the other two regions. The resulting deformation is similar to that corresponding
to a stationary plastic hinge with positive curvature rate at x = 0 and a travelling hinge
with negative curvature rate as predicted by Conroy's solution [12] of the problem of
constant velocity impact of an infinite, rigid, perfectly-plastic beam. Although the present
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FIG. 19. Elastic-plastic boundaries.



64 S. RANGANATH and R. J. CLIFTON

problem differs from that considered by Conroy in several respects, a comparison of the
present solution with that of Conroy is helpful for giving a physical interpretation to the
numerical solutions obtained by means of the theory used here. To this end, the location
of the travelling hinge according to Conroy's solution is shown in Fig. 19 for three different
values of the fully plastic moment Mp' For M p = 4M 0 the trajectory of the travelling hinge
according to Conroy's solution agrees closely with the center line of region II. Since the
present theory includes work hardening whereas Conroy's solution is for a perfectly
plastic material, an appropriate value for M p in Conroy's solution would be expected to
be greater than M 0; however, no intrinsic importance should be attributed to this par
ticular value of M p which gives good agreement. Again, the purpose of the comparison in
Fig. 19 is to illustrate that region II corresponds to a region with negative rate of curvature.

Region I in Fig. 19 corresponds to the stationary shear hinge and bending hinge of
the solution by Karunes and Onat [25J of the problem of constant velocity impact of a
rigid, perfectly plastic, beam with free ends, including the effects of rotatory inertia and
moment--shear interaction. At early times the plastic shear strain rate i'; in region I is
dominant; at later times i'; becomes negligibly small and the plastic curvature rate K; is
dominant. Thus, region I is initially a plastic shear hinge and subsequently becomes a
plastic bending hinge. This behavior is analogous to that reported in [25J.

Figure 20 shows the distribution of plastic strain along the length of the beam for
Vo = 500 in,fsec at t = 94 f..lsec. For x in the interval (3·5, 4 in.), which corresponds to
region III of Fig. 19, the plastic strain is negligibly small. Thus, the plastic zone, region III,
which is not predicted by the rigid plastic theories [12, 25J is a region of extremely small
plastic strains.

One aspect of the loading surface which perhaps warrants further study is the hardening
model which is employed. Examination of the elastic-plastic boundaries in Fig. 19 shows
that some segments of the beam experience plastic flow associated with both positive and
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negative moments. This suggests that inclusion of a Bauschinger effect in the analysis
might be important. Use of a "kinematic" hardening model which incorporates this
effect should clarify the situation.

7. CONCLUDING REMARKS

The ratio of the energy dissipated in plastic deformation to the total energy supplied
to the beam is a measure of the extent of plastic deformation in the beam. Numerical results
for high velocity impact tests indi.::ate that over 40 per cent of the energy is converted into
plastic work while less than 5 per cent is stored as elastic strain energy. Kinetic energy
accounts for the remaining part. These figures suggest that material behavior for plastic
flow should be important in predicting strain-time profiles and that the qualitative agree
ment between the computed profiles and those observed in the experiments indicates that
the model used in substantially correct. However, the experiments are not sensitive enough
to the model used for plastic flow to allow conclusions regarding the details of the con
stitutive equations to be used for describing plastic behavior. For example, the experiments
do not appear to be sensitive enough to determine the increase in flow stress due to strain
rate effects which for the aluminum alloy used here is expected to be less than 20 per cent.
Thus the experiments and the analysis indicate the nature of the structural response
associated with plastic bending waves but do not give definitive information regarding
the material behavior during plastic flow. The qualitative agreement between the experi
mental strain response and the theoretical predictions indicates that the analysis presented
here provides a reasonably good description of the dynamic response of aluminum beams
to impact loading. The plastic regions according to the present theory are shown to
correspond roughly to the fixed and moving plastic hinges of Conroy's solution based on
rigid perfectly plastic beam theory. The deflected shapes predicted by the two theories
were also found to be similar. Thus, although the presence of work hardening in the theory
used here precludes a definitive comparison of this theory with the simpler rigid plastic
theory, it appears that the latter theory is suitable for predicting the main features of the
beam response.

The principal discrepancy between the strain-time profiles obtained from the experi
ment and those predicted by the theory is the large upward shift of the predicted strain-time
profile at stations near the point of load application, such as shown in Fig. 7 for x = ~ in.
As mentioned previously this discrepancy may be partly due to poor matching of the slopes
of the empirical moment-curvature curve with those of the experimental curve. Another
reason for this discrepancy appears to be that the station x = 1in. is too close to the point
of impact for the results of beam theory to be valid. The wave propagation phenomenon
near the point of application of the load is complicated by the presence of plastic loading
waves and elastic unloading waves from reflections at the free surfaces. Plastic waves
being considerably slower than elastic waves suggests that more time would be required
for a sufficient number of reflections to take place for beam theory to become a good
approximation. Also faster elastic unloading waves would tend to overtake the leading
plastic loading waves and reduce the amplitude ofthe peak strain which occurs at t = 15 J1sec
for x = 1in. It is doubtful that these complicated effects can be modeled by an elastic
plastic beam theory at distances less than three beam thicknesses from the point of impact.
In the elastic region following the first strain peak the change in strain according to the
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theory is very similar to that observed in the experiments. Thus it appears that the theory
over-estimates the early plastic strain peak and that this error in plastic strain is not re
covered in the subsequent elastic response.
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A6CTpaKT-TlOJIY'laIOTCli peWeHH ,lJ,JIli 3a,lJ,a'll1 HOpMaJIbHoro y,lJ,apa B 6eCKoHe'lHylO ynpyro

nJIaCTH'IecKylO 6aJIKy nOCpe,lJ,CTBOM nOJIy6ecKoHe'lHOW ynpyrollo CTeplKH. Y'IIHbIBaIOTCli 3c1>cI>eKTbi

HHepUHI1 BpaweHl1l1 H ,lJ,ecl>opMaUI1H C,lJ,BHra, B Orrpe,lJ,eJIliIOLUHX ypaBHeHl1l1X ,lJ,Bl1lKeHHlI 6aJII{H. )].JIli

OnHCaHHlI rrOBe,lJ,eHl1l1 MaTepl1aJIa, I1CrrOJIb3yeTcli MO,lJ,eJIb, He3aBHCHMali OT CKOpOCHI ,lJ,ecl>opMaUI-II1 11

OCHOBaHHali Ha rrOHlITl1l1X, rrOXOlKl1X Ha rrpl1MeHlIeMblX B KBe3HCTanH'IeCKOll rrJIaCTI1'1HOCTI1. Y'IHTblBaeTCli

B3aHMO,lJ,ellCTBHe MelK,lJ,Y MOMeHTOM H CHJIOll C,lJ,BHra. HCrrOJIb3yeTcll KpHTepHll ynpo'lHeHHlI ,lJ,ecl>op

MaUHH, OCHOBaHHbIll Ha KBa3HCTaTH'IeCKOll 3aBHCHMOCTH MOMeHT-KpI1BI13Ha ,lJ,JIli '1I1CTOrO H3rH6a.

XapaKTep .n;ecl>opMaUHH BO BpeMeHH, rrO,lJ,C'IHTaH npl1 HcnOJIb30BaHHI1 3TOll TeOpHH, CXO,lJ,HTCli Ha,lJ,

JIelK'ILUHM 06pa30M, C pe3YJIbTaTaMI1 rrOJIy'leHHbIMH H3 3KCrrepl1MeHTOB Ha aJIIOMHHHeBbIX 6aJIKax.

3aTeM, CpaBHHBalOTCli peWeHl1l1 C npe,lJ,nOCblJIKaMI1. OCHOBaHHblMI1 Ha TeOp1111 6aJIOK. B paMKaX.

H.n;eaJIbHoll lKeCTKOll rrJIaCTHrrHOCTH.


